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1/3/25. In the hexagonal grid shown, fill in each space

with a number. After the grid is completely filled in,
the number in each space must be equal to the small-
est positive integer that does not appear in any of the
touching spaces.

You do not need to prove that your configuration is
the only one possible; you merely need to find a con-
figuration that satisfies the constraints above. (Note:
In any other USAMTS problem, you need to provide a
full proof. Only in this problem is an answer without
justification acceptable.)

Solution

We label the cells a through v lexicographically as in
the diagram to the left.

The 4 in row 1 must touch a 2, but the 2 can’t be ¢
because c¢ already touches a 2. Therefore, a = 2. The
4 must also touch a 3, so ¢ = 3. Finally, b must be
at least 3, but can’t be greater than 3 because there is
no way to place a 3 in a neighboring space. Therefore,
b=3.

The 6 in the third row must touch a 5. That 5 cannot
be ¢ or m because those each neighbor the 5 in the fifth
row. The 5 also cannot be d or h because there are not

enough empty spaces for d or h to neighbor all of 1, 2,

3, and 4. Therefore, g = 5. Now the

three vacant spaces touching g must have the numbers 2, 3, and 4. Since f touches a 2 and
a 3, it must be the 4. Since d touches a 3, it must be the 2. This leaves ¢ = 3. The progress

so far is summarized in the diagram to the right.

Consider the 4 in the sixth row. It must touch a 3,
but the only space surrounding it that does not touch
a 3is v, so v = 3. The 2 in row 7 must touch a 1, so
t = 1. Next, consider ¢ = 3. It must touch a 1 and
a 2, so m and ¢ must have a 1 and 2 between them.
But ¢ touches a 1, so ¢ = 2 and m = 1. To finish the
right edge, consider the 5 in the fifth row. It must
touch a 4, so r = 4. We can quickly determine that
n =2 and h = 4 from here.
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Our progress so far is summarized in the diagram to
the right. Next, the 7 in the center must touch the
six numbers 1 to 6 once each. We already found the
numbers 2 through 5, so k and p are 1 and 6 between
them. Notice that regardless of which of the two is the
6, the remaining vacant space it touches (either j or s)
must be a 5. In particular, this means each of j and s
is either 5 or neighbors a 1, so neither can be a 1. Since
the 3 in row 7 must touch a 1, that 1 must be u. Then
s =5, since it now touches 1 through 4, but p # 5.

The 2 in row 6 must touch a 1, so o = 1. All of the
vacant spaces around ¢ touch a 2, so 7 is at most 2. It
is also at least 2 since it touches a 1, so ¢ = 2. By similar reasoning, e is a 3 and j is a 4.
Since j is not a 5, the 6 must be p, and the 1 goes in k. This completes the grid. The only
solution is the one shown below.
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2/3/25. Let ai,as,as, ... be a sequence of positive real numbers such that agagio = app1 + 1
for all positive integers k. If a; and ay are both positive integers, find the maximum possible
value of asgi4.

Solution

First we use the recurrence relation apagio = agy1 + 1 to compute aggy4 in terms of a; and
as, then we’ll choose values of a; and as that maximize asgi4.

The recurrence relation can be rewritten as

ag+1 +1
Qg2 = — .
ag
Using this, we compute
ay + 1
ag =
ai
(lg—{—l az_—fl"i_l a2+a1+1
a, = = =
4 a9 Qo G109 ’
ags+ai+1
0 = ag+1 %—1‘1 _ (aras + ag + a1 + 1)(aq) _ (a1 + 1)(az + 1)(aq) _ e+l
as aztl (a1as)(ay + 1) (ar1az)(az + 1) as
as + 1 ai+1 +1 aitas+1
s = a4 = a22+al+1 = a1+a22+1 = a1,
ai1ag a1az
ag + 1 a) + 1
a7 = a5 = a1+1 = a2'

az

Since each term of the sequence depends only on the previous two terms and we have shown
a1 = ag and as = a7, we conclude that the sequence is periodic with period 5. Therefore, for
any k, we have a; = a,, where r is the remainder when k is divided by 5. So
as + aj; + 1 1 1 1
=+

Aoy =04 = ———— = — + — + ——.
a1a2 ai Q2 a1a2

We are given that a; and a, are positive integers, so each term in this expression is at most
1 and the sum is at most 3. For a; = a, = 1, the sum is equal to 3. The maximum possible
value of asg14 is 3 from the sequence

1,1,2,3,2,1,1,2,3,2,....
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3/3/25. Let AjAyAs. .. Ay be a 20-sided polygon
P in the plane. Suppose all of the side lengths
of P are 1, the interior angle at A; measures 108
degrees for all odd 7, and the interior angle at
A; measures 216 degrees for all even ¢. Prove
that that the lines AlAg,A2A12,A3A15,A4A18,

and AgAyg all intersect at the same point.
Solution

Let O be the center of P. Let By; be the point
on the line segment As;O such that Ay By; has
length 1. For each ¢, draw segment A,; By; and
By;Bg;io. The resulting figure is shown below
left, with the line segments Ay Ag, A4A19, A5A13,
A6A16, and A7A19 in gray.

We claim that the 10 small pentagons are regular
unit pentagons. By symmetry we may check only
AgA3A4 B4 Bs, so consider only this pentagon for
now. First note that A,B5 bisects a 216° angle so
ZAQ = 108°. Since AAQ = ZAg = ZA4 = 108°
and £/B, = ZB,, the pentagon is equiangular.
By construction, 4 edges have length 1, so all 5
edges have length 1 and the pentagon is regular.
In particular, since the pentagon is regular, the
line segments Bsy; By;_o have length 1. By sym-
metry, the inner decagon is also equiangular so
it must be regular. Specifically, each angle of the
decagon has measure 144°.

We now claim that AsAg, AyAq0, AsAi3, AgAie, and A7 Aqg all intersect at Bg.

Since Bg lies on AgO by definition, AgAi¢ necessarily passes through Bg. If A;Ag passes
through Bg, then A4A;y passes through Bg, because A4A;q is the reflection of Ay Ag through
AgAig. Similarly, if A5 A3 passes through Bg, then so does A7A19. So to solve the problem,
it suffices to show that A;Ag and AsA;3 both contain Bg.

Lines ByBg and A Ag are both perpendicular to A5 A;5 so are parallel (and hopefully equal).
The point Bg lies on Ay Ag if and only if these lines are equal. This occurs if and only if
/B,;BgAg = 180°. To prove this, we first write £/ ByBgAs = £B4BsBs + /BgBgAg. Since
/ B4BgBg is the interior angle of a regular decagon, its measure is 144°. Further, A BgBgAs
is isosceles with vertex angle 108°, so the base angle is /BgBgAg = 36°. This forces

/B,BgAg = 144° 4+ 36° = 180°,
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and Ay Ag passes through Bg.

Similarly, BGBlg is parallel to A5A13, SO A5A13
contains By if and only if BgBi2A13 = 180°. To
prove this, first write

£BgBiaA13 = LBsB12Bio + £B19BiaAr2

Since £ A5 B13 A3 is the smaller angle formed by
a diagonal and a side in a regular pentagon, its
measure is 36°. Since £B1¢gBj2A12 is an interior
angle of a regular pentagon, its measure is 108°.
Therefore

ZB6B12A13 - ZBGBlgBlo + 1080 + 360
- ABGBl2BIO —I— 1440.

To find the measure of /BgB12B1g, we view it as an interior angle of the quadrilateral
BgBsB1yBi2. The sum of the interior angles of a quadrilateral is 360°. Two of the interior
angles of the quadrilateral are interior angles of a regular decagon, and therefore have measure
144°. The other two angles are also equal to one another, since they are reflections of each
other about the line AgA;g9. So we have

1440 -+ 1440 + 2436312810 - 3600.

Dividing by 2 gives
/BgB1sA13 = £BgB12Byg + 144° = 180°.

therefore AsA 3 passes through Bg. All 5 lines meet at Bg.
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4/3/25. An infinite sequence (ag, aq,as, ...) of positive integers is called a ribbon if the sum
of any eight consecutive terms is at most 16; that is, for all ¢ > 0,

ai~|—ai+1+---~|—ai+7§16.

A positive integer m is called a cut size if every ribbon contains a set of consecutive elements
that sum to m; that is, given any ribbon (ag,as,as,...), there exist nonnegative integers

k < ¢ such that
¢

E a; = m.

i=k
Find, with proof, all cut sizes, or prove that none exist.

Solution

We claim that m is a cut size if and only if m is a positive multiple of 16. First we show
that any positive integer m that is not a multiple of 16 is not a cut size. We do this by
constructing counter-examples based on the highest power of 2 that divides m.

If m is odd, then m is not a sum of terms from the ribbon
2,2,2,2,2,2,2,2,....

Thus any cut size is even. If m is an odd multiple of 2 (meaning m = 2 (mod 4)) then m is
not a sum of terms from the ribbon

3,1,3,1,3,1,3,1,....

Specifically, any sum of an even number of consecutive terms from this sequence is a multiple
of 4 and any odd number of terms gives an odd sum. Therefore any cut size is a multiple of
4. Likewise, the ribbon

51,1,1,5,1,1,1,...

shows that any cut size must be a multiple of 8 and the period 8 ribbon
9,1,1,1,1,1,1,1, ...

shows that any cut size must be a multiple of 16.

Now we must show that for any m that is a multiple of 16, every ribbon contains a consecutive
set of terms that sums to m. Let some m = 16n be given.

Consider first all ribbons ag, a1, ... such that each set of 8 consecutive terms gives a sum of
16:
a; + aiy1 + - - + a8 = 16.

We call such a ribbon maximal. Given a maximal ribbon, the sum of the first 8 terms is

ap+ay +---+asg, = 16n =m
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showing that m can be obtained as a sum of consecutive terms from this ribbon. Now we
are left to show that m can be achieved as a sum of consecutive terms for any ribbon that
is not maximal.

For any 7 let s; = ag + a1 + - - - + a; be the sum of the first ¢ + 1 terms. Since the a; are all
positive integers, s; is a strictly increasing sequence of positive integers. We wish to find ¢, j
such that s; — s; = m, which means that a; ;1 + aj12 +--- +a; = m.

Since our ribbon is not maximal, there exists some k such that s;,g — sx < 16. Consider the
set T'= {sg, 1 + sk, ... 15+ si}. Since spyg < 16 + s, the nine partial sums s;, S;11, ..., Sits
are members of 7. Next consider U = {m + s, m + 1 + sg,...m + 15+ s, }. We will show
that at least 8 of these values are also partial sums. Let s, be the largest partial sum smaller
than s; +m. This means s, is an element of U. Since

Spyg — Sp = Apy1 + Apyo + -+ apyg < 16

we know
Sprg < 16455 < m 4+ 16 + s

s0 Spy1 through s;. ¢ are all elements of U.

Now we know that T contains at least 9 partial sums from our sequence and U contains at
least 8 partial sums. By the Pigeonhole Principle, one of the sixteen sets

{sg,m+ s}, {1+ s, m+ 14 sk}, ... {15+ sg,m+ 15+ si}

contains two partial sums. These two give us the desired s;, s; with difference m, so the
proof is complete.
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5/3/25. For any positive integer b > 2, we write the base-b numbers as follows:
(didi—1 ... do)p = dib" + dj_ 01 + - 4+ dyb" + db”,

where each digit d; is a member of the set S = {0,1,2,...,b— 1} and either dj, # 0 or k = 0.
There is a unique way to write any nonnegative integer in the above form.

If we select the digits from a different set S instead, we may obtain new representations of
all positive integers or, in some cases, all integers. For example, if b = 3 and the digits are
selected from S = {—1,0, 1}, we obtain a way to uniquely represent all integers, known as the
balanced ternary representation. As further examples, the balanced ternary representation
of the numbers 5, —3, and 25 are:

5=(1-1-1)5, —3=(=10)5, 25=(10—11);

However, not all digit sets can represent all integers. If b = 3 and S = {—2,0,2}, then no
odd number can be represented. Also, if b = 3 and S = {0,1,2} as in the usual base-3
representation, then no negative number can be represented.

Given a set S of four integers, one of which is 0, call S a 4-basis if every integer n has at
least one representation in the form

n = (dkdk—l . e d0)4 - dk4k + dk_14k_1 + -+ d141 + d040,
where d, dy_1, ..., dy are all elements of S and either d;, # 0 or k£ = 0.

(a) Show that there are infinitely many integers a such that {—1,0,1,4a + 2} is not a
4-basis.

(b) Show that there are infinitely many integers a such that {—1,0,1, 4a + 2} is a 4-basis.

Solution

Given a set S of 4 integers with one of them 0, we will say a nonzero integer n is repre-
sentable using S if we can write n in the form

(dpdp—1 ... do)s = dpd® + djp 145+ dyd' 4 dpd”,

where dg, dy_1,...,dy are all elements of S and dj # 0.
Part a:

We will show that if 4a + 2 is a multiple of 3, we do not get a 4-basis. Any value of a = 1
da + 2

(mod 3) will force 3 | 4a+2 so there are infinitely many such S. Let b = and suppose

that S = {—1,0,1,3b} is a 4-basis. Since —b is representable using X,

—b = (dkdk—l ‘e d0)4 = dk4k + dk_14k_1 —|— e + d141 —|— d0407
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where dy, dy_1,...,dy are all elements of X and dj # 0. Choose some representation with k
minimal. Notice that
—b=3b=4a+2=2 (mod 4)

but our expression for b also gives
—b= (dpdg—1...dp)s =dp (mod 4).

The only choice for dy in S that is congruent to 2 modulo 4 is dy = 3b. Then removing the
final digit we get
—b = (dkdk,1 e d0)4 - 4 . (dkdk,1 e d1)4 + 3b

Isolating —b gives —b = (dgdy_1 - ..d1)s. However, this gives us a representation for —b with
fewer digits, contradicting the minimality of k. So there could not have been a representation

of —b, and {—1,0,1,4a + 2} is not a 4-basis.

Part b:

We claim that S, = {—1,0,1,4% — 2} is a 4-basis for every positive integer b. Since 4° — 2 is
of the form 4a + 2, this will suffice.

For a given n, let d’ be the element of S, such that n = d’ (mod 4). Note that if

n—d

Y dpd" 4+ dp 4"+ dydt + d

then

n=dd"" + dj_1 4"+ + did* + dod' + d.
Therefore,
Lemma 1: If ”_Td/ is representable by .S, then n is representable by Sj.

The number \”‘Td/\ will often be smaller than |n|, suggesting that we may be able to use the
fact that n is representable when |n| is small to prove that every n is representable. We first
explore when |"_Td/| < |n|.

Assume that n #£ 0. If d = —1, 0, or 1, then

o
n—d §|n|—i—1<

A 7 =l

However, if d’ = 4¢ — 2 then
n—d <\n\+(4¢—2)
4 - 4

which could be larger than n. In the case that |n| > %, we have 4° < 3|n| so

n—d

; <]n[+(4—2)<|n|+4 <|n|+3\n\

- 4 4 - 4

< |n|.

In summary, we see that:
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Lemma 2: If [n| > £ then [252] < |n|.

Suppose that we know that every n with 0 < |n| < % is representable by Sj,. Then we can
prove that every n is representable by strong induction on |n| as follows. Suppose that n is

representable when |n| < N, and suppose that |n| = N + 1. If ”‘T‘i/ = 0 then n is in Sy so is
representable. Assume not. By the first lemma, n is representable if ”_Td/ is representable.
n—d’

. n—d’ 4b . . . . n—d’ 4b 3
Either 0 < ["7%| < %, in which case "% is representable by assumption, or [*7%| > %, in

which case \”‘Td/\ < |n|, by our second lemma, so that ”‘Td/ is representable by our inductive

hypothesis. So to prove that every n is representable, it suffices to prove that every n with
b

0 < |n| < % is representable.

As an example, the b = 1 case is follows since values of n for which 0 < |n| < % are —1 and
1, and these values are in S;.

For values of n such that —n is representable by S; with & < b digits, we can use such a
representation to construct a representation of n by 5, as follows. Suppose that

—n = dp A dpod¥ 2 o Ayt + dpd°
where dgy,dq,...,d,_1 € S; and k < b. Then
n=(—d_ )4 + (=dj_2)4" 2 + -+ (=dy)4 + (—dp)4°
We want to use this to represent n by S,. Consider a new sum,
iy 1 AL ey AR T2 40

where e; is defined as follows. If 7 < k then

f —diifd; e {~1,0,1}
G4 — 9 if d;, =2

If £k <7< bthen we set e;, =0. When i > b, let

{0 ifdiye{-1,0,1}
“=1-1 if d,_, =2

Then if d; # 2, ‘ 4 , .
i+ ed' =04 (—d;)4' = (—d;)4".

Furthermore, if d; = 2, we get

ei+b4i+b + ei4i — (_1)4’L+b + (4() . 2)4z - _9. 41 — (_dz)4l
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as well. Therefore

> o
[l
- O

= E 6i+b4l+b 4‘614z
=0
k+b—1

i=0

Each e; is in S, so we are done.

We now use mathematical induction to prove that every n with |n| < %b can be represented
by S; using b or fewer digits.

The b = 1 case is that £1 may be represented with a single digit. This is true since these
are indeed in S;. Now we suppose that the claim is true for b and prove it is true for b+ 1.

That is, if ”Zd, is representable using b digits, then n is representable using b + 1 digits. So

to prove the claim, it suffices to show that if |n| < % then |25%| < %.

Ifd € {—1,0,1} then n—d is the nearest multiple of 4 to n. If d = 2 then n —d’ is the next
lower multiple of 4. So replacing n by n — d’ rounds n to the nearest multiple of 4, rounding
down to break ties.

Suppose that |n| < 4%1. Since n is an integer and 4°*! is one more than a multiple of 3,

1_4b+1 4b+1_1
— <n< —
3 -~ 3

When we round all elements in this interval to the nearest multiple of 4 we find

4_4b+1 : 4b+1_4
—<n—-d < —-.
3 "% ="73

This means
1—4b n—d 4b-—1
< < .

3 — 4 — 3
4b+1
3

U
then \%d/| < %. This proves that every n with

b .
< %. Soif |n] <

making

In| < % is representable by S; using no more than b digits.

Since every n with |n| < % is representable by S7 using at most b digits, every such n is

representable in S, and this gives us the base cases for our induction.
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